
Nalezněte diferenciál funkce

df(x, y) = fx(x, y) dx+ fy(x, y) dy, (dx = x− x0 = h, dy = y − y0 = k)

1. f(x, y) = x3y − 2xy2 + 5x
fx = 3x2y − 2y2 + 5, fy = x3 − 4xy
df(x, y) = (3x2y − 2y2 + 5)dx+ (x3 − 4xy)dy
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√
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√
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Pomocí diferenciálu přibližne vypočtěte

f(x, y) ≈ f(x0, y0) + fx(x0, y0)dx+ fy(x0, y0)dy

1.
√

0, 982 + 2, 053

x0 = 1, y0 = 2, dx = −0.02, dy = 0.05
f(x, y) =

√
x2 + y3, f(1, 2) = 3

fx = 2x

2
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, fy = 3y2
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df(x, y) = x√
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dx+ 3y2
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dy, df(1, 2) = 1
3dx+ 2dy

√
0.982 + 2.053 ≈ 3 + 1

3 (−0.02) + 2(0.05) = 3− 2
300 + 10

100 = 900−2+30
300 = 928
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2. e0.043−0.01

x0 = 0, y0 = 0, dx = 0.04, dy = 0.01
f(x, y) = ex

3−y, f(0, 0) = 1
fx = ex

3−y 3x2, fy = ex
3−y(−1)

df(x, y) = 3x2 ex
3−y dx− ex

3−y dy, df(0, 0) = 0 dx− dy
e0.043−0.01 ≈ 1− 0.01 = 0.99

3. arcsin 0.47
1.04

x0 = 1
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Spočtěte rovnici tečné roviny a normály ke grafu funkce f v bodě (x0, y0)

τ : z = f(x0, y0) + fx(x0, y0)(x− x0) + fy(x0, y0)(y − x0)

n :
x− x0

fx(x0, y0)
=

y − y0

fy(x0, y0)
=
z − f(x0, y0)

−1

1



1. f(x, y) = x3 + 3xy2 − xy + x, (x0, y0) = (1, 0)
fx = 3x2 + 3y2 − y + 1, fx(1, 0) = 4, fy = 6xy − x, fy(1, 0) = −1
f(1, 0) = 1 + 0− 0 + 1 = 2
τ : z = 2 + 4(x− 1)− (y − 0)⇒ 4x− y − z − 2 = 0
parametrické vyjádření normály: n : [x, y, z] = [1, 0, 2] + t(4,−1,−1), t ∈ R
obecné vyjádření normály: x−1

4 = y
−1 = z−2

−1

2. f(x, y) = ln (x+ 2y), (x0, y0) = (2, 1)
fx = 1

x+2y , fx(2, 1) = 1
4 , fy = 2

x+2y , fy(2, 1) = 1
2

f(2, 1) = ln 4
τ : z = ln 4 + 1

4 (x− 2) + 1
2 (y − 1)⇒ x+ 2y − 4z + 4(ln 4− 1) = 0

n : x−2
1
4

= y−1
1
2

= z−ln 4
−1

n : 4(x− 2) = 2(y − 1) = ln 4− z
n : [x, y, z] = [2, 1, ln 4] + t(1, 2,−4), t ∈ R

Pomocí gradientu vypočtěte derivaci funkce f v bodě a ve směru u = (u1, u2)

∇(x, y) = (fx(x, y), fy(x, y), fu = ∇(x, y) · u = fx(x, y)u1 + fy(x, y)u2

1. f(x, y) = ln (x2 + y2), a = (5,−2), u = (−5, 2)

fx = 2x
x2+y2 , fy = 2y
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29 − 8

29 = − 58
29 = −2

2. f(x, y) = arctg (xy), a = (1, 1), u = (
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√

2
2 +

√
2

2 =
√
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3. f(x, y, z) = xy2 − z3 + xyz, a = (−1, 2, 1), u = (1, 0,−1)
fx = y2 + yz, fy = 2xy + xz, fz = −3z2 + xy
∇(x, y, z) = (y2 + yz, 2xy + xz,−3z2 + xy),∇(−1, 1, 2) = (3,−4,−13)
fu(a) = (3,−4,−13) · (1, 0,−1) = 3 + 13 = 16

Nalezněte diferenciál druhého řádu funkce f

d2f(x, y) = fxxdx
2 + 2fxydxdy + fyydy

2

1. f(x, y) = x3y − xy3

fx = 3x2y − y3, fy = x3 − 3xy2

fxx = 6xy, fyy = −6xy, fxy = 3x2 − 3y2

d2f(x, y) = 6xy dx2 + (6x2 − 6y2) dx dy − 6xy dy2

2. f(x, y) = ey cosx, (x0, y0) = (0, 0)
fx = ey(− sinx), fy = ey cosx
fxx = − ey cosx, fyy = ey cosx, fxy = − ey sinx
d2f(x, y) = − ey cosx dx2 − 2 ey sinx dx dy + ey cosx dy2

d2f(x0, y0) = −1 dx2 − 0 dx dy + 1 dy2

3. f(x, y, z) = xyz
fx = yz, fy = xz, fz = xy
fxx = 0, fxy = z, fyy = 0, fyz = x, fzz = 0, fxz = y
d2f(x, y, z) = 0 dx2 + 0 dy2 + 0 dz2 + 2(z dx dy + x dy dz + y dx dz)
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Nalezněte Taylorův polynom řádu k funkce f v bodě (x0, y0)

Tk(x, y) = f(x0, y0) +
1
1!
df(x0, y0) +

1
2!
d2f(x0, y0) + ...+

1
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dkf(x0, y0)

dkf(x, y) =
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k
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)
∂kf

∂xk−j∂yj
(x, y)dxk−jdyj , dx = x− x0, dy = y − y0

1. f(x, y) =
√
x2 + y2, (x0, y0) = (4, 3), k = 2
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√
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2. f(x, y) = sin(x2 + y), (x0, y0) = (0, π4 ), k = 2

f(0, π4 ) =
√

2
2

fx = cos(x2 + y)2x, fx(0, π4 ) = 0

fy = cos(x2 + y), fy(0, π4 ) =
√

2
2

fyy = − sin(x2 + y), fyy(0, π4 ) = −
√

2
2

fxy = − sin(x2 + y)2x, fxy(0, π4 ) = 0
fxx = − sin(x2 + y)2x+ cos(x2 + y)2,
fxx(0, π4 ) =

√
2
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3. f(x, y) = ln (1 + x) ln (1 + y), (x0, y0) = (0, 0), k = 3

f(0, 0) = 0
fx = 1

1+x ln (1 + y), fx(0, 0) = 0
fy = ln (1 + x) 1

1+y , fy(0, 0) = 0

fxx = − 1
(1+x)2 ln (1 + y), fxx(0, 0) = 0

fxy = 1
1+x

1
1+y , fxy(0, 0) = 1

fyy = − ln (1 + x) 1
(1+y)2

fxxx = 2 1
(1+x)3 ln (1 + y), fxxx(0, 0) = 0

fxxy = − 1
(1+x)2

1
1+y , fxxy(0, 0) = −1

fyyy = 2 ln (1 + x) 1
(1+y)3 , fyyy(0, 0) = 0

fyyx = − 1
1+x

1
(1+y)2 , fyyx(0, 0) = −1

T3(x, y) = 0 + 0x+ 0 y +
1
2

(0x2 + 2 · 1x y + 0 y2) +
1
6

(0x3 + 3(−1)x2 y + 3(−1)x y2 + 0 y3)

= xy − 2x2y − 2xy2
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